On the calculation of surface tension from measurements of pendant drops
Introduction
Many methods have been proposed for the measurement of surface and interfacial tensions, and each may be said to have advantages for particular applications. Some are dynamic, and are ideally suited to following the changes occurring in a surface during the first fractions of a second after its formation. More commonly, however, measurements are made in a static manner, and are intended to indicate the properties of the surface in its equilibrium condition. The static methods all purport to measure the same property, but they may differ greatly in suitability for individual purposes. A valuable general discussion of these methods has been given by Adam (1938) .
At the present time the basic method for determining surface tension involves the use of a capillary tube, by measuring either the capillary rise or else the hydro static pressure needed to restore the meniscus to its normal level. The results are calculated, following Sugden (1921) , with the help of the tables of Bashforth & Adams (1883) for the shape of free surfaces of liquids. To obtain accuracy, however, extreme precautions are needed, and the method is not well adapted to routine use. A number of secondary methods have therefore been evolved, which are more rapid in operation. The maximum bubble pressure method of Sugden (1922) has a theoretical foundation, being based also on the tables of Bashforth & Adams. The drop-weight method of Harkins & Brown (1919) and the ring method of de Noiiy (1919) are more empirical. All these techniques for measuring surface tension depend finally upon comparison with the capillary method using such liquids as benzene. Generally they involve enlarging and breaking the surface of the liquid, and there fore are not strictly static in nature.
Some time ago the author wished to carry out routine measurements of the surface tensions of some colloidal solutions. These solutions were characterized by relatively high viscosity, and by containing material of high molecular weight and thus of
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[ 1 ] low Speed of diffusion. A method was therefore required which did not depend on an extension of the surface, because under such conditions not only would the slow diffusion prevent the attainment of equilibrium, but also the high viscosity would make invalid any calibration with free-flowing liquids. A modification of the technique proposed by Wilhelmy (1863) was considered, in which the surface remained unchanged, but this was discarded in favour of a method more recently developed by Andreas, Hauser & Tucker (1938) , based on measurements of the shape and size of pendant drops. The use of pendant drops has been suggested by several workers, such as Worthing ton (1881, 1885) and Ferguson (1912) , but proposals have usually involved difficult measurements, as of the position of points of inflexion on the profile of the drop. Andreas et al. suggested a simpler method of calculation. Taking the origin at the bottom of the drop, and co-ordinates x and 2 in a horizontal and vertical direction respectively, the equation for the profile of a liquid surface of revolution may be written as
(.)
where p is the radius of curvature at the point {x, z), < f) is the slope at the point (x, 2), and fi = -gcrb2ly,
where a-is the density of the liquid, y is the surface tension, and b is the r adius of curvature at the origin. The unit of length adopted in equation (1) is 6, so th at x, z and /? are non-dimensional. I t will thus be seen th at /? determines the shape of a drop, and 6 its size. The negative sign for /? for a pendant drop follows the con vention adopted by Bashforth & Adams (1883).
Andreas et al. avoided the actual determination of /? and 6 by a method, illustrated in figure 1, in which the maximum diameter de was measured, and also the diameter d8 a t a horizontal plane distant from the bottom of the drop. Denoting the ratio d jd e by S, it is clear th at $ is a function of /?, whilst for a given S, de is proportional to b.Thus, by (2), y = go-dll H,
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where
is a function of S = d jd e. This function, connecting l/H and S, was obtain experiments with water, the surface tension of which was known from capillary measurements.
There is no reason why the relation between S and should not be calculated, and the method thus placed on a firm theoretical foundation and made independent of experimental calibration. Although Andreas et al. realized this, they tended to doubt the accuracy of available mathematical methods; but with sufficient care, numerical integrations may be carried out to any finite degree of accuracy which may be required.
where s = the arc distance of the point (x from th drop.'The unit of length in these equations is again the radius of curvature a t the bottom of the drop.
For each value of /?, simultaneous finite difference integration gives < /> , x and z in terms of s, after the first values have been obtained by series expansions. At each step an estimate is made of the next entry in the finite difference table of d<f>/ds against s, and the value of < / > calculated by the integration formula (expressed in terms of backward differences from the end of the interval of integration) 4>s = (s > This value of < / > by equations (6) and (7) gives the next entries in the tables and dzjds, so th at a formula similar to (8) may be used to calculate x and z. These figures, substituted in equation (5) Further tables were then drawn up, giving x and z in terms of ft for each value of the arc distance s, and differenced with respect to ft, and the constancy of the higher differences showed th at there were no random errors in the fifth decimal place of the calculated figures. These tables were interpolated to derive and z in terms of s for all other values of ft from -0-25 to -0-6 at intervals of 0-0125.
For further calculations, the Bessel and Stirling interpolation formulae were used except at the ends of the table, where it was necessary to use the Newton formula. For each value of ft, the position of the maximum value of x was derived in terms of s by equating to zero the first differential coefficient obtained from the difference tables. This value was checked at intervals of 0-025 in by inverse interpolation of the tables of $ to give s when < pt.A further check aga was made by tabulating these valpes of s against ft and noting the constancy of the higher differences. Values of xe, the maximum radii, were then calculated by inter polation from the known values of s, and again checked by tabulation against ft.
For each value of ft, inverse interpolation was employed to find s when z = 2xe, and direct interpolation then gave xs, the radius at the selected plane. Checks were obtained by tabulating s and xa against ft, and noting the constancy of the higher differences. The values obtained for xe and x8 are given in table 2, columns 2 and 3.
In each case S = x j x e was calculated, and also 1 by equation ( Since difference tables had been drawn up a t all stages of the calculation, it was a simple m atter to estimate the magnitude of random errors. Six figures had been retained during actual computation and the final tables of and 1 against /? showed th a t between the limits of O'68 and 0*98 for S , random errors did not exceed 4 and 3 respectively in the sixth decimal place. The final table of l/H against S showed th at the greatest possible random variation in 1 was 7 in the sixth decimal place in the above range. These figures are based on the rather conservative estimate th at a random error of ± 1 in a variable will cause random errors not exceeding ± 16 in the sixth difference (the maximum possible error is ±32).
At the extreme ends of the table, this method of estimation could not be applied. When 8 exceeded 0-98, in particular, higher differences did not tend rapidly to zero and the accuracy in this region could not be estimated, although there was no reason to suppose that there was any considerable decrease. This was supported by the fact th at the different methods used for interpolation did not give variations exceeding 8 in the sixth decimal place. Where S was less than 0-68, accuracy estimates could not be made from the difference tables, but since the higher differences were small, there was no reason to suppose that the errors were greater than in the middle portion of the table. The maximum error found on working back to randomly selected original values of S and 1 jH was 5 in the sixth decimal place.
The possibility of systematic errors in the calculation was also considered. The highest differences considered in equation (8) were the fifth, and these affected the sixth decimal place of the integrands <p, x and z only when /? was numerically less than 0*3 and s exceeded 2*5. The largest errors from neglect of the sixth and higher differences would occur with the lowest numerical values of /?, and thus of 8. Closer consideration of this indicated th at the maximum possible error in 1 / from this cause was not greater than 1 in the fifth place of decimals when S was less than 0*68, and considerably less elsewhere.
Considering all these possible causes of error, it is considered th at the accuracy of the entries in table 3 may be taken to be as follows: 8 = 0-66 to 0*68; maximum error ± 0*00003 = + 0*003 %. S = 0*68 to 0*98; maximum error ± 0*00001 = ± 0*001 to 0*003 %. S = 0*98 to 1*00; maximum error ± 0*00003 = + 0*01 %.
I t is concluded that these tables are adequate for all likely experimental purposes, and that the method should be capable of giving results which are as reliable as those obtained by the use of capillary elevations.
It should, however, be pointed out that the attainment of such accuracy would entail very stringent demands upon experimental techniques. For example, if the diameters of the drop are measured to an accuracy of 0*1 %, the error of the cal culated surface tension may be almost 0*7 %. For this reason the agreement between the calculated table and the measured values of Andreas et the maximum difference is about 1*4 % when S = 0*78-is considered satisfactory.
Note to tables. In order to avoid possible m isreading th e headings of th e tables have been w ritten in full as s/b, x/b, etc., instead of th e dimensionless form used in the tex t. 
